Abstract. For any integer n ≥ 2, we construct an infinite family of (4n − 1)-dimensional contact manifolds each of which admits infinitely many pairwise homotopy inequivalent Stein fillings.
Introduction
The enumeration of Stein fillings of a given contact manifold has been considered as a central problem on contact and symplectic geometry and topology. As earlier answers to this problem, there are uniqueness results for fillings of the (2n − 1)-sphere S 2n−1 with the standard contact structure ξ std . Eliashberg, Floer and McDuff [23] showed that any symplectically aspherical filling of (S 2n−1 , ξ std ) is diffeomorphic to the disk D 2n . Here a symplectic manifold (W, ω) is called symplectically aspherical if [ω] ∈ H 2 (W ; R) vanishes on all aspherical elements in H 2 (W ; R). Since a Stein domain is an exact symplectic manifold, it follows from their result that any Stein filling of (S 2n−1 , ξ std ) is diffeomorphic to D 2n . More strongly, when n = 2, Eliashberg [13] (see also [9] ) showed that any Stein filling of (S 3 , ξ std ) is deformation equivalent to the disk D 4 endowed with the standard Stein structure (cf. [16, 22] and [12] for the symplectomorphism and diffeomorphism parts). Concerning other 3-dimensional contact manifolds, thanks to the seminal works of Loi and Piergallini [21] and Akbulut and Ozbagci [1] , we have various answers to the above problem. They showed that a 4-dimensional Stein domain admits a Lefschetz fibration, and conversely the total space of a 4-dimensional Lefschetz fibration admits a Stein structure (cf. [27, Chapter 10.2] ). This enables us to study Stein fillings of a given contact 3-manifold by Lefschetz fibrations. For example, by using Lefschetz fibrations, particularly mapping class groups of fiber surfaces, Ozbagci and Stipsicz [26] constructed an infinite family of contact 3-manifolds each of which admits infinitely many pairwise homotopy inequivalent Stein fillings (see also [3, 4, 5, 10, 34] ).
In higher dimensions, the total space of an abstract Weinstein Lefschetz fibration admits a Weinstein structure and the contact structure on the convex boundary is supported by the open book induced by the Lefschetz fibration. Moreover, according to a result in [11] (see also [9] ), this Weinstein filling can be turned into a Stein filling of the same contact manifold (see Section 2.4 
for details). Hence we can construct a Stein domain
Date: March 14, 2018. 2010 Mathematics Subject Classification. Primary 57R17; Secondary 57R65. This work was partially supported by JSPS KAKENHI Grant Number 15J05214. 1 via Lefschetz fibration. However, its fiber is a higher-dimensional Weinstein domain, so we have to deal with higher-dimensional symplectic mapping class groups. Little is known about them and thus we cannot apply group-theoretical arguments, used in [26] for example, to them directly.
Our main result is the following. (ii) (M l , ξ l ) and (M l ′ , ξ l ′ ) are contactomorphic if and only if l = l ′ .
In the proof of Theorem Let T * S n be the cotangent bundle of S n and λ the canonical Liouville form. Consider T * S n as the set
In our coordinates, the Liouville form λ can be written as pdq, and the zero-section S n , which is Lagrangian in (T * S n , dλ), corresponds to the set {(p, q) ∈ T * S n | p = 0}.
For the Hamiltonian function µ(p, q) = |p| on T * S n \ S n , the Hamiltonian vector field associated to µ is
The flow of X µ has periodic orbits. To see this, project its orbit of a given point (p, q) ∈ T * S n \ S n onto the base space and check that its image equals to the unitspeed geodesic on S n through q with the tangent vector p/|p|. Since all geodesics are 2π-periodic closed circles, the flow determines the Hamiltonian S 1 -action on T * S n \ S n by σ(e it )(p, q) := (cos(t)q + |p| −1 sin(t)p, −|p| sin(t)q + cos(t)p).
One can extend the time-π map σ(e iπ )(p, q) = (−p, −q) to an involution of T * S n . The involution restricts to the antipodal map on S n , denoted by A. Take a function ψ ∈ C ∞ (R, R) such that ψ(t) + ψ(−t) = 2π for all t and ψ(t) = 0 for t ≫ 0. Then the map τ : T * S n → T * S n defined by
is called a modeled Dehn twist. By definition, its support is compact. Furthermore, it is a symplectomorphism of (T * S n , dλ) (cf. [29, Section 6] ).
For simplicity, we drop the framing from the notation. Two Lagrangian spheres L k (k = 0, 1) with framings v k : S n → L k are isotopic if there exists a framed Lagrangian isotopy I = (i, j 0 , j 1 ) between them, which consists of a smooth family of Lagrangian embeddings i s : S n → W (0 ≤ s ≤ 1) and two isometries j k :
Suppose that L is a framed Lagrangian sphere. By the Weinstein tubular neighborhood theorem, there is ǫ > 0 and a symplectic embedding ι : D ǫ T * S n → W such that ι|S n equals to the given framing of L, particularly
such that ψ(t) + ψ(−t) = 2π for all t and ψ(t) = 0 for t > ǫ/2, and let τ be the modeled Dehn twist associated to this ψ. The symplectomorphism
is independent of the choices of ι, ψ, where Symp(W, ω) denotes the group of symplectomorphisms of (W, ω) and π 0 (Symp(W, ω)) denotes the group of symplectic isotopy classes of elements in Symp(W, ω). We have
Notation 2.1. In this article, we will use the usual functional notation for the products in Symp(W, ω) and π 0 (Symp(W, ω)), i.e. ϕ • ψ means that we apply ψ first and then ϕ.
Exact Lefschetz fibrations.
Let (W, dλ) denote an exact symplectic manifold, where λ is a 1-form on W such that dλ is a symplectic form on W . 
(ii) (Lefschetz type singularities) The critical points have distinct critical values in Int D 2 , and around each critical point and the corresponding critical value, there exist complex coordinates (z 1 , . . . , z n ), w such that f can be written as
n , with the symplectic form dλ identified with the standard Kähler form in these coordinates; Here we will briefly review some basic material about exact Lefschetz fibrations. Let f : (W, dλ) → D 2 be an exact Lefschetz fibration, and let Crit(f ) (resp. Critv(f )) be the set of critical points (resp. critical values) of f . For a fixed base point q 0 ∈ ∂D 2 , a vanishing path γ : [0, 1] → D 2 for q ∈ Critv(f ) is an embedded path such that
Since f is a symplectic fiber bundle over D 2 \ Critv(f ), the tangent space at any point
is equipped with the canonical splitting
This leads to a connection of the symplectic fiber bundle. Let h γ| [t 0 ,t 1 ] : F γ(t 0 ) → F γ(t 1 ) be the parallel transport along the restriction γ| [t 0 ,t 1 ] of γ for 0 ≤ t 0 < t 1 < 1. To the path γ we can associate the unique Lagrangian disk ∆ γ , called the Lefschetz thimble, such that
. The boundary V γ := ∂∆ γ is a Lagrangian sphere in (F q 0 , dλ| Fq 0 ). This is called the vanishing cycle associated to γ. Using the metric around the critical point and the parallel transport again, we may equip the vanishing cycle with a framing, so after this we consider the vanishing cycle as a framed Lagrangian sphere.
Suppose that p is the critical point of f with f (p) = q. Then in terms of vanishing cycles the Lefschetz thimble can be expressed as
Next, take a small loop around q ∈ Critv(f ) and orient it counterclockwise. Connect it to the base point q 0 using the vanishing path γ and let us denote the resulting oriented loop by l. The fibration f restricts to a symplectic S 1 -bundle over l. According to the symplectic Picard-Lefschetz theory (cf. [30, Section 1]), its monodromy is symplectically isotopic to the Dehn twist along the vanishing cycle V γ . 
given by γ ± (t) := γ(±t) coincide as framed Lagrangian spheres of f −1 (γ(0)).
For a matching path γ : 
Exact symplectic Lefschetz fibrations on A m -Milnor fibers.
We recall the definition of a Stein domain. A strictly plurisubharmonic function on a complex manifold is a smooth function whose complex Hessian matrix is positive definite at any point. In this article, we will deal only with the "strict case", and hence we will omit the word "strictly".
Definition 2.5.
A Stein domain is a compact complex manifold (W, J) with boundary which admits a proper and bounded below plurisubharmonic function φ : W → R with maximal level set ∂W .
Let (W, J) be a Stein domain with a plurisubharmonic function φ, and let
Since the 2-form dλ φ = −dd C φ is an exact symplectic form on W compatible with J, one can obtain from (W, J) with φ the exact symplectic manifold (W, dλ φ ).
For the complex polynomial
n+1 and a sufficiently small fixed ǫ > 0, define
where 
One can choose a number s so that V m,s ⊂ V m , and hence we assume this condition. We claim that the projection f : V m,s → D 2 , z → z n+1 , provides an exact Lefschetz fibration. First, it is not difficult to see that f is a smooth Lefschetz fibration with the Kählerness condition whose critical values are the (m + 1) st roots of ǫ. Next, the restriction φ| f −1 (q) is a plurisubharmonic function on the fiber f −1 (q) = {z 2 1 + · · · + z 2 n = ǫ − q m+1 , k(z) ≤ s}, and the associated exact symplectic form equals to the restriction of dλ φ to f −1 (q). Thus the fiber is an exact symplectic submanifold of (V m,s , dλ φ ). In fact, it is symplectomorphic to the disk cotangent bundle D √ s T * S n−1 with the canonical symplectic form. Finally we show that ∂ h V m,s satisfies the condition (iv) of Definition 2.2. Observe
The symplectic complement (Ker df p ) ⊥dλ φ at any point p ∈ ∂ h V m,s is spanned over C by Under the symplectic identification of
We can check that this sphere is contained in the fiber f −1 (q). Moreover, according to [18, Section 6c], the Lefschetz thimble ∆ γ for a vanishing path γ can be written explicitly as
We see that every embedded smooth path γ : Figure 2 ). This is a matching path for f , and its matching cycle is denoted by L j . Since L j and L j+1 intersect transversely at the single critical point of f , it follows from [31, Lemma 16.13] 
) are framed isotopic. Hence Dehn twists along these framed Lagrangian spheres are symplectically isotopic. In particular, after embedding each L j ⊂ V m,s into V m as a framed Lagrangian sphere, we have
This leads to the well-defined anti -homomorphism
where σ i is one of the Artin generators of B m+1 . Here, we use the opposite notation to the usual functional one, as mentioned in Notation 2.1, for the products in B m+1 , which is why ρ is not a homomorphism but an anti-homomorphism. This ρ is known as the Birman-Hilden correspondence [6] in the case dim V m = 2 and it is injective.
Contact open books and Abstract Weinstein Lefschetz fibrations.
Let (W, dλ) be an exact symplectic manifold. A Liouville domain is a compact exact symplectic manifold (W, dλ) with boundary such that the Liouville vector field X λ defined by ι X λ dλ = λ is transverse to ∂W pointing outwards. Definition 2.6. A Weinstein domain is a Liouville domain (W, dλ) which admits a Morse function φ : W → R with maximal level set ∂W and whose Liouville vector field X λ is gradient-like for φ.
We will rarely discuss a Liouville vector field and a Morse function associated to a Weinstein domain, so we will omit them from the notation.
Definition 2.7.
An abstract contact open book is a tuple (Σ, dλ; ϕ) consisting of a Weinstein domain (Σ, dλ) and a symplectomorphism ϕ of (Σ, dλ) equal to the identity near ∂Σ.
In the above definition, (Σ, dλ) is called the page, and ϕ is called the monodromy of the abstract contact open book (Σ, dλ; ϕ). Now we briefly explain how to obtain a contact structure adapted to a given abstract contact open book (see [14, Chapter 7.3] for more details). Let (Σ, dλ) be a 2n-dimensional Weinstein domain and ϕ a symplectomorphism of (Σ, dλ) equal to the identity near ∂Σ. Giroux showed that ϕ is isotopic, through symplectomorphisms equal to the identity near ∂Σ, to an exact symplectomorphism ϕ ′ of (Σ, dλ), i.e. a symplectomorphism such that (ϕ ′ ) * λ − λ is exact (cf. [14, Lemma 7.34] ). If ϕ is such an exact symplectomorphism of (Σ, dλ), there exists a unique smooth functionθ : Σ → R + , up to adding a constant, such that ϕ * λ − λ = dθ. Note thatθ is constant near ∂Σ because ϕ * λ is λ near ∂Σ.
Although by definition it depends on the choice ofθ, here we suppressθ from the notation, and we will do the same with the following notions. The 1-form λ + dθ is a contact form on Σ(ϕ). Let c be the value ofθ near ∂Σ. Define the closed (2n Figure 3 , such that
• h 1 (r) = 2 and h 2 (r) = r 2 near r = 0,
• h 1 (r) = e 1−r and h 2 (r) = 1 for r ∈ [1/2, 1], and
where (r, θ) are polar coordinates on D 2 , and it extends to a contact form on M (Σ, dλ; ϕ). Let us denote by ξ (Σ,dλ;ϕ) the corresponding contact structure. This is called supported by (Σ, dλ; ϕ). One can prove that if two abstract contact open books have the same pages and symplectically isotopic monodromies, then the supported contact structures are isotopic. 
Thanks to a result of Eliashberg [ 
Homology groups of manifolds with Lefschetz fibrations or open books.
In this subsection, we often regard a handlebody as a CW complex and consider its homology groups.
Let (Σ, dλ; L 1 , . . . , L m ) be an abstract Weinstein Lefschetz fibration, where dim Σ = 2n, and W (Σ, dλ; L 1 , . . . , L m ) the corresponding Weinstein domain. Its homology groups are easy to read off from the collection of vanishing cycles. We omit dλ from the collection of the notation because we focus only on the algebraic topology of the Weinstein domain. Since (Σ, dλ) is Weinstein, we may take a handle decomposition of Σ without handles of index > n, and it yields the following handle decomposition of Σ × D 2 :
where each h
j is a k-handle. As mentioned before, the Weinstein domain W (Σ; L 1 , . . . , L m ) is decomposed into Σ × D 2 and m (n + 1)-handles, which yields the following handle decomposition of W (Σ; L 1 , . . . , L m ):
is generated by the k-handles, we can easily see that Ker ∂ n is isomorphic to H n (Σ × D 2 ; Z) ∼ = H n (Σ; Z) and write g 1 , . . . , g k for its generators. Also, Im ∂ n+1 is generated by the attaching spheres L j of the (n+1)-handles, which may be assumed to lie on Σ×{pt} homologically. Thus we have
This is equivalent to
which means that the n th homology group of the Lefschetz fibration is obtained as the quotient of the n th homology group of the fiber Σ by the subgroup generated by the homology classes of the vanishing cycles. To see the homology group, we examine the algebraic topology of the boundary of V m , which is diffeomorphic to the Brieskorn (4n − 3)-sphere
Let a := (a 1 , . . . , a n ) with each a j ∈ Z >0 . Define the graph G(a) for a whose vertices are v 1 , . . . , v n with labels a 1 , . . . , a n , respectively, and whose edges lie between v i and v j if i = j and gcd(a i , a j ) > 1 (e.g. Figure 4 ).
Proposition 2.10 (Brieskorn [7, Satz 1(ii)]).
For n ≥ 4, the Brieskorn sphere Σ(a 1 , . . . , a n ) is a homotopy sphere if the graph G(a) associated to a = (a 1 , . . . , a n ) satisfies either of the following conditions:
(a) has two isolated points;
(ii) G(a) has an isolated point and a connected component K consisting of an odd number of points such that if v i , v j ∈ K with i = j, gcd(a i , a j ) = 2. Figure 4 . Graphs G(a) for a = (2, 2, 2, 2, 2, m + 1), where m is odd (resp. even) on the left (resp. right).
Thus it follows from this proposition and Figure 4 that the Brieskorn (4n − 3)-sphere Σ(2, . . . , 2, m + 1) is a homotopy sphere if m is even. Hereafter m is assumed to be even.
By definition, the manifold M (V m ; ϕ) splits into the mapping torus V m (ϕ) and ∂V m ×D 2 , and hence first write down H 2n+1 (V m (ϕ); Z) and then H 2n+1 (M (V m ; ϕ); Z) by gluing the two parts.
Before computing the homology, we claim that V m has a handle decomposition with one 0-handle and m (2n − 1)-handles. In particular, such a handle decomposition can be arranged so that the cores of these (2n−1)-handles generate H 2n−1 (V m ; Z), and moreover each of them is represented by the matching cycle L i in Section 2.3. To see this, consider the handle decomposition of V m associated to the Lefschetz fibration f :
Note that after rounding off the corners, V m,s is diffeomorphic to V m . Fix the segments from the origin to the (m + 1) st roots of ǫ as vanishing paths for Critv(f ). Since the regular fiber of f is diffeomorphic to the disk cotangent bundle DT * S 2n−2 of some radius, its handle decomposition consists of one 0-handle and one (2n − 2)-handle. Combined with the fact that V m splits into DT * S 2n−2 ×D 2 and m+1 (2n−1)-handles, this induces the handle decomposition of V m ,
where the j th (2n − 1)-handle h of DT * S 2n−2 . Here this disk cotangent bundle is considered as a fiber of the trivial fibration
Let B ⊂ DT * S 2n−2 be the cocore of the (2n − 2)-handle of the handle decomposition of DT * S 2n−2 we took before. Obviously, B is a fiber of the disk bundle DT * S 2n−2 . Hence, the belt sphere of the (2n − 2)-handle
which intersects with the attaching sphere S 
where i is the inclusion map V m ֒→ V m × {0} ⊂ V m (ϕ) and ϕ * , id * , i * are automorphisms of homology groups induced from ϕ, id, i, respectively. V m admits the above handle decomposition without (2n − 2)-handles, and hence H 2n−2 (V m ; Z) = 0. Therefore, by the above exact sequence we have
To get a description of H 2n−1 (M (V m ; ϕ); Z), by checking the following Mayer-Vietoris long exact sequence:
Thus,
The Picard-Lefschetz formula helps us compute homology groups (2.2) and (2.3). This formula was initially proven to study an action of the monodromy around a Lefschetz type singularity of a holomorphic function on the homology group of its regular fiber. Given an exact symplectic manifold (W, dλ) and a framed Lagrangian sphere L ⊂ (W, dλ), we obtain an exact Lefschetz fibration whose fiber is symplectomorphic to (W, dλ) and vanishing cycle is L (see [31, Lemma 16.8] ). Thus we can state the Picard-Lefschetz formula apart from holomorphic maps.
Theorem 3.1 (Picard-Lefschetz formula [28, 20] (cf. [19, (6.3. 3)])). Let L be a framed Lagrangian n-sphere in a compact exact symplectic 2n-manifold (W, dλ) with boundary.
Then we have for the induced automomorphism
Here, , : H n (W ; Z) × H n (W ; Z) → Z denotes the intersection product.
Although we need to fix an orientation of L temporarily to determine the homology class, the above formula still holds even if we change this orientation.
In Theorem 1.1, we will deal only with the case dim W = 4n − 2 = 2(2n − 1). For a
for any c ∈ H 2n−1 (W ; Z) and m ∈ Z.
Baykur-Van Horn-Morris' 4-braids.
A quasipositive factorization of a braid β ∈ B m is an ordered tuple (β 1 , . . . , β k ) such that β = β 1 · · · β k and each β j is conjugate to one of the Artin generators of B m . Two quasipositive factorizations are equivalent if they are related by a finite sequence of Hurwitz moves, their inverses, and global conjugations:
Baykur and Van Horn-Morris [5] recently constructed infinitely many 4-braids each of which admits infinitely many inequivalent quasipositive factorizations. Their construction is based on the open book adapted to the standard contact 3-torus constructed by Van Horn-Morris [32] whose page is diffeomorphic to Σ 1,3 and whose monodromy is
Here Σ 1,3 is an oriented compact surface of genus 1 with 3 boundary components, and A 1 , A 2 , A 3 are simple closed curves shown on Σ 1,3 depicted in Figure 5 . Let A be a simple closed curve on Σ 1,3 as shown in Figure 5 . Capping off the boundary δ of Σ 1,3 , we obtain curves a 1 , a 2 , a 3 , a depicted in Figure 6 . Since these curves are preserved under the hyperelliptic involution of the capped-off surface, we obtain from a 1 , a 2 , a 3 , a the arcs α 1 , α 2 , α 3 , α on the hyperelliptic quotient, that is, the disk (see Figure 7) . We often identify the braid group B m on m strands with the mapping class group of an m marked disk. Write β i and β for the braids corresponding to the half twists along α i and α, respectively. Define the braid β k,l by
Yasui [34] 
) is the image of the braids β (resp. β j ) under the anti-homomorphism ρ between the braid group and the 2-dimensional mapping class group defined in Section 2.3. Hence, we have
which proves, coupled with the injectivity of ρ, that β belongs to the centralizer of β 1 β 2 β 3 . Therefore,
for any integers k, k ′ . For the next subsection, we describe β 1 , β 2 , β 3 , β in the Artin generators σ 1 , σ 2 , σ 3 of B 4 :
3.3. Proof of Theorem 1.1. 
Here β k,l is thought as the element in B 5 through the canonical inclusion B 4 ֒→ B 5 . Consider the abstract Weinstein Lefschetz fibration
for any integers k ≥ 0 and l > 0, and let W k,l denote the Weinstein domain associated to this abstract Weinstein Lefschetz fibration. As mentioned in Section 2.4, W k,l may be assumed to be a Stein domain. Let ξ k,l be the contact structure supported by the abstract contact open book (V 4 , dλ φ ; ϕ k,l ). Note that the contact structure on ∂W k,l induced from the Stein structure on W k,l is isomorphic to
and (V 4 , dλ φ ; ϕ k ′ ,l ) support isotopic contact structures, and hence the contactomorphism class of ξ k,l is independent of k. Therefore, we may write (M l , ξ l ) for (∂W k,l , ξ k,l ) and regard the Stein domain W k,l as a Stein filling of (M l , ξ l ).
Next, we show that the contact manifold (M l , ξ l ) admits infinitely many pairwise homotopy inequivalent Stein fillings. To see this, we prove that for k, k ′ ≥ 0, W k,l and W k ′ ,l are homotopy equivalent if and only if k = k ′ by computing the (2n − 1) st homology group of W k,l . As we saw in Section 2.5, [L j ] generate H 2n−1 (V 4 ; Z) and they also serve as generators of H 2n−1 (W k,l ; Z), where we choose the orientations of L j so that for i ≤ j
According to the Picard-Lefschetz formula combined with the definitions of B j,k , we have
where ǫ(n) := 2n(2n + 1)/2 is the exponent appearing in the Picard-Lefschetz formula. From the equation (2.2),
The homology group depends on k, and W k,l and W k ′ ,l are mutually homotopy inequivalent if k = k ′ . Thus we obtain the conclusion.
Finally, we see that the infinite family {M l } l∈Z >0 contains infinitely many pairwise homotopy inequivalent (4n − 1)-manifolds. Here M l may be assumed to be equipped with the abstract contact open book (V 4 , dλ φ ; ϕ 0,l ). Since the page V 4 of the open book is a homotopy sphere, we can apply the equation (2.3) to M l . By the Picard-Lefschetz formula again, we have
Hence
Therefore, if l = l ′ , M l and M l ′ are mutually homotopy inequivalent. In particular, two contact manifolds (M l , ξ l ) and (M l ′ , ξ l ′ ) are mutually non-contactomorphic, which finishes the proof of Theorem 1.1.
3.4.
Remarks on Theorem 1.1.
To obtain distinct Stein fillings, we use inequivalent quasipositive braid factorizations constructed by Baykur and Van Horn-Morris. They took advantage of the element τ a in the centralizer of τ a 3 •τ a 2 •τ a 1 and then conjugated the corresponding part of the factorization τ l a 2 •τ a 3 •τ a 2 •τ a 1 by τ a . This twisting operation for the given factorization is called a partial twist, studied in [2] , which corresponds to a Luttinger surgery along a Lagrangian torus in the total space of the Lefschetz fibration corresponding to the initial factorization. The curves a 1 , a 2 , a 3 , a are symmetric with respect to the hyperelliptic involution of the surface (see Figure 6 ), and hence this procedure can descend to the braid group B 4 . Moreover the anti-homomorphism ρ makes a partial twist valid for the symplectic mapping class group of the Milnor fiber. Similarly to the 4-dimensional case, in our case, we see that the parallel transport corresponding to τ B 3,0 • τ B 2,0 • τ B 1,0 ∈ Symp(V 4 , λ φ ) preserves the Lagrangian sphere L 3 , and this provides a Lagrangian S 1 × S 2n−1 in W 0,l . Thus our Stein filling W k,l is obtained from a surgery on W 0,l along this Lagrangian S 1 × S 2n−1 .
In our theorem, we assume that the dimensions of the contact manifolds are 4n − 1. The proof of this theorem is given by the algebraic argument, especially, the PicardLefschetz formula. Let (W, dλ) be an exact symplectic 4n-manifold, and let L be a framed Lagrangian 2n-sphere in (W, dλ). Then the self-intersection number of L is nonzero, and according to the Picard-Lefschetz formula, (τ L ) 2 * acts trivially on H 2n (W ; Z). This is because we put the assumption of the dimensions.
However, we can construct the corresponding infinite families of contact (4n + 1)-manifolds and their Stein fillings as we did. Let L 1 , L 2 , L 3 , L 4 be framed Lagrangian spheres obtained as matching cycles of the exact Lefschetz fibration f : V 4,s → D 2 of dim V 4,s = 4n (n ≥ 1). Define the Lagrangian spheres B 1,k , B 2,k , B 3,k in (V 4 , dλ φ ) and the symplectomorphism ϕ k,l ∈ Symp(V 4 , dλ φ ) as in the proof of Theorem 1.1. Let
